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Fig.3 Relative altitudes at which the peak values of time
derivatives occur (8 = 1/22,000 ft1)

gives a cubic equation, which, when solved and combined
with Eq. (3), gives

1. 7.52Chmd 2.02
ymax 2,1 — ,8 loge ﬂm SiH@E = ymax + ,8 (11)
1. 1.12Comd _ 0.113
Sy Bl L + 8 (12)

Ymax 9,2 = ﬂ— 10
1

CDP()A 103
Ymax 2,3 = B 10ge 2816m sinoE = Ymax ﬁ (13)

Again it is seen that, for a constant 5, the vertical dis-
tances between the altitude of maximum deceleration and the
altitudes of maximum and minimum values for the second
derivative of deceleration are constants. To determine the
maximum and minimum values of d3V/di3, substitute the
values for ymax in Egs. (11-13) back in Eq. (6). This yields

AV /A0y = —0.0286 B3V 5 sin6x 14
A3V /A3, 00 = 0.0708%V 5* sin®d; 15)
AV /AP, e rs = —0.01535V 5% sin®y (16)

Again, it is seen that these values are independent of the
drag characteristics of the object.

Graphic Results

Figure 1 is a plot of the deceleration and its two higher time
derivatives as a function of altitude for a typical object
entering the atmosphere with the following parameters:
Ve = 25,000 fps, 0z = 40°, W/CpA = 100 psf, and 8 =
1/22,000 ft—1. Deceleration has been taken as equal to
—dV/di and thus appears as a positive quantity. In a
similar fashion, the time rate of change of deceleration equals
—d?V/di?, and the second time derivative of deceleration
equals —d3V /ded.

The other curves facilitate determination of the peak
magnitudes of deceleration and its time derivatives and the
altitudes at which these peaks occur. Figure 2 gives the
altitudes of peak deceleration as a function of entry angle
and object ballistic coefficient, W/CpA. As shown in Eq.
(3), this altitude is independent of entry velocity.

Figure 3 gives the relative altitudes of the peaks of the
higher time derivatives referenced to the altitude of peak
deceleration assuming that 8 = 1/22,000 {t~1. From Figs.
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Fig. 4 Maximum magnitudes of time derivatives

2 and 3 the altitude at which any maximum or minimum of
the two higher time derivatives of deceleration occurs may
be determined.

Figure 4 gives the maximum magnitudes reached for the
two higher time derivatives of deceleration as a function of
entry angle and velocity. These values are independent
of the drag characteristic of the object.

Thermal Deflection of a Circular
Sandwich Plate

FEucexe R. Bruun*
United Aircraft Corporate Systems Cenler,
Farmington, Conn.

A differential equation is derived for the thermal
deflection of a ecircular sandwich plate. The effect
of core shear rigidity is included in the analysis. A
particular solution is obtained for a simply sup-
ported plate with uniform and unequal tempera-
iures of the two face plates. In addition, ex-
pressions are presented for the radial and eircum-
ferential bending stresses. It is shown that the
plate center deflection is dependent on core rigidity
only for values of the rigidity parameter X less than
10. Beyond this value the deflection is essentially
the same as with infinite core shear rigidity.

OME assumptions of this analysis are 1) axial symmetry
©/%¢ = 0), 2) o, = 0 and oy = 0 in the core, 3) core is
assumed isotropic with shear rigidity G- psi, and 4) transverse

Received by ARS November 30, 1962; revision received March
4, 1963. .
* Analytical Engineer. Member ATAA.
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Fig. 1 Composite plate geometry
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normal deformation is neglected (Qw/0z = 0). The sym-
bolic notation is the same as used in a previous paper.!
Figure 1 illustrates the plate under consideration. Figure
" 2 shows loading conditions of the two face elements and of a
core element, respectively.

From equilibrium of the core element (see Fig. 2), one ob-
tains

Q. = 7h, eh
Py + th,/r 4+ dr/dr he = Py (2)

For the radial displacement of a core element one obtains

Ue = 72:/Ge — Z. dw/dr (3)_

{The absence of core normal stresses ¢, and oy, together with

the condition dw/0z = 0, makes the solution for core dis-

placement indifferent to core temperature distribution.)
Assuming no slip in the face-core bond, one has

U(r, — ha/2) — w(r, + hs/2) = ue(r,he/2) —
ulr, — he/2) (4)

Substituting Eqs. (3) and (14)*f into Eq. (4), one obtains
e = U — (he + ha/2 + ho/2)(dw/dr) + 7h./G. (5)
Let ke + ha/2 + 7/2 = hy,
Qo = dMo/dr + (Moo — Mg /7 + hat/2  (8)*%
Q= dMujdr + (M — M) /r + hsr/2  (A1)*
Modifying Eqgs. (9)* and (12)* for this analysis, one has
dQo/dr + Qo/r — Pa =0 9*
dQu/dr + @Qo/r + Py = 0 (12)*

By substituting (8)* and (11)* together with Egs. (18%
19* and 2) into (9)* and (12)* and adding, one obtains

—(Da + D)V*w + ho(r/r + dr/dr) =
(1/1 = v(V:Ma* + VM) (6)

where

V2= 1/rdsdr (rd/dr)

Vt=1/rd/dr (r d/dr V¥
Substituting Eqgs. (16* 17*, and 5) into (7)* and (10)*, upon
adding and subtracting, one obtains
(Ko + Kyp)[d/dr(duge/dr + toa/7)] + kiho d/dr V2w —

K, h./G. [d/dr (dr/dr + 7/7)] —
A/1 — vy d/dr (T* + T:% =0 (7)

(!l

1 Vinson, J. R., “Thermal stresses in laminated circular plates,”
Proceedings of the Third U. S. Congress of Applied Mechanics
(American Society of Mechanical Engineers, New York, 1958),
p- 467.

+ Equations marked with asterisks refer to same equation
numbers in footnote 1.

1 This equation shows a plus sign for the (7) term, differing
from Eq. (8) in footnote 1 which appears to be misprinted.
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and
(Ko — Ky)[d/dr (duga/dr + woa/T)] —
Kl d/dr V2w — 27 + Kih. /G ld/dr(dr/dr + 1/7)] —
1/1 — vy d/dr (T* — Tv*) =0 (8)

Eliminating du/dr + uge/r by combination of Eqs. (7) and
(8), one obtains

[—2K.K,/ (K, + Ki)lho d/dr V2w — 2r +
[2K.Kuhe/ (Ko + Ki) Golld/dr (dr/dr + 7/7)] ~
1/1 — v)[2/(K. + K3) (K, dT.*/dr—
K, dTy*/dr) = 0 (9)
Rewriting Eq. (6),
ho(1/r) d/dr (rr) = (Dy + Dy)(1/r) d/dr (r &/dr V?w) +
(1/1 — v)[1/r d/dr (r d/dr)(M.* + M*)]
By mtegratmg,
7= (Ds + Dy)/ho d/dr V2w + (1/1 — v) X
(1/h)[d/dr (M.* + M) + Ci/r (10)
Substituting (10) and (6) into (9),
[—2K.K:/ (Ko + Ky)lho d/dr V2w —
2(Ds + Dy)/ho d/dr viw — 2C:/r +
2K Kohe/ (Ko + Ko)G.][(Da + Db) /ho](d/dr) (Viw) +
2KaKbhc/(Ka + Kb)Gc [1/(1 - U)hﬁ](d/dr) [V2(Ma* +
My} — (2/1 — v)(1/K. + Kb)(d/dr) (KpTa™* —
K. 1% — (2/1 — v)Q /) [d/dr (M* + M%) =0 (A1)
By collecting terms,

—[@2K.Kv/Ka + Kiyho + 2(Da + Dy)/ho} d/dr Viw —
2C:/r + 2K.Kih./ (K. + Ku)G.[Da + Di/ho] d/dr V4w +
[2KoKshe/(Ka + Ky)G][1/(1 — v)ho] d/dr V*(Ms* +
M* — (2/1 — v)(Q/K, + Ky d/dr (K,T.* — K. TW%) —

2/1 — v)(1/ho) [d/dr (M.* + M*)] = 0
Let
By, = 2K.Koh(D, + Dy)/(Ks + Ki)Gohe
y = (2K.Koho/Ko + Kb) 4+ 2(Do + Ds)/ha
Equation (11) becomes
—B:d/dr Vw + B d/dr Vw + [Bi/(Da + Dy) X
1 — v]d/dr v¥M* + M,*) — (2/1 — v) X
(1/K. + Ky) d/dr (KeTo* — K T0*) —
2C/r —(2/1 — v)(1/hg)[d/dr (Ma* + M¥)] =
Upon integrating three times, one obtains
—By,w + B d*w/dr? + Bi/r dw/dr = f(r) =
(Cr/2)(Inr) + r2/4(Cy — 2Cy) + Calnr + Cy +
12/(1 — vkl S 1/r[ S v (M.* + My¥*) dr] dr +
2/ — V(Ka + E)1S1/r S (KT — K To9)] X
dr dr —[By/ (Do + D)(1 — ) ][(M.* 4+ My*)] X
d2w/drt + 1/r dw/dr — Bo/Byw = f(r)/B1
Let

T = or a* = By/By
dw/dz? + 1/x dw/de — w = f(r)/B,

The solution of the homogeneous equation is
= Cslo(z) wy = CeK, ()

Where I, and K, are the modified Bessel functions of the first
and second kind, respectively.
Obtain a particular solution for simply supported plate
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Fig. 2 Internal stress resultants of face and core elements

with T, and T, independent of r and z (M,* = 0, M* =
0); thus,

f(r) = (Cr?/2) Inr 4 r2/4(C. — 2Cy) +
Cilnr + Cy +[2/(1 — v)(K. + Ky)] X
(KbTo* — Ko T3*)(r2/4)

Let
HC: — 20 + [2/(1 — v)(K. + K) | [(KTo* —
KaTb*)]} =8
Therefore
f@r) = (Cy?/2) (lnr) 4+ Sr2 4 Cslnr 4 Cy
Boundary Conditions
For r = 0,
dw/dr = 0 w =10
Therefore C; = 0,
1/r dw/dr — d*w/dr* — r dSw/dr® = 0 @ + @ =0)
Forr = R,
w=20
vdw/dr + R d*w/dr* = 0 (M, =0, M* = 0)
vu/R + du/dr = T*/(1 — v)K Nww=0,Np=0;
e — Nrb = 0
Therefore

(KoKa) (he/Gs)(Da + Do/ha)d?/dr*(d?w/dr* +
1/r dw/dr) = ~(1/1 — )(K:To* — K, T4

Employing the method of variation of parameters and
substituting the boundary conditions, it can be shown that
the expression for the plate center deflection is

Wieo = {a(Te = T(L 4 v)(RY/[1 4 $(h/he)*1(h)} X
{To — /X2 — BQA + vk~ LA - v/X]} X
1/ — I,/X)]

where
X =aR Iy = I,(X) L = LX)
and
he=h=h K,=Ky Di=D, To—T,=AT

a? = [1 + 5(h/h)*1[6Ge(ho/W)*(1 — v3)/E h (he — )]
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Fig.3 Effect of core rigidity on deflection (nondimension-
alized)

It can be shown that if a — « the expression for W,—y be-
comes

W, withga—> o = W,* =
a(AT) R*/2[1 + (3)(h/ho)*](ho)

Figure 3 is a plot of W,_o/W,—* vs X for v = 0.3.
Bending Stresses: Particular Solution
M, = —D(dw/dr* + v/r dw/dr) — 1/1 — v M* (18%)
M* = 0 for particular case
a, = 6M,/h?
It may be shown that

o, = {Ea(AT)/Q(_l — v)(ho/h) [1 + HUORY X o
{lo— L+ (1 — vd/X — I/X)1/L — [/X)}

Similarly,
My = —DQ/r dw/dr + v d%w/dr?) — 1/1 — v M*
o9 = 6Mo/h? 19%

o = {Ba(AT)/2(1 — (/WL + 300} X
{lly — Iy + (1 — v)([,/X + 1./X)]/Ty — 1,/X)}

where
Io = Iy(X) Iy = IyX)
I, = I(X) I = I(X)
X = ar X =aR

A Closed Form Solution of the
Relativistic Differential Equation for
Planetary Motion

Hexry L. Crowson®
International Business Machines Corporation,
Bethesda, Md.

1. Introduction

N outline of the derivation of Einstein’s general rela-

tivistic differential equations for the motion of a particle

in a gravitational field has been given by Lindsay and Mar-

genau® and Sokolnikoff.# A detailed exposition of the
derivation of these equations has been given by the author.!

Received December 20, 1962.
* Staff Mathematician, Federal Systems Division.



